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Abstract: We consider the geometrical formulation in central charge superspace of the 
= 4 supergravity containing an antisymmetric tensor gauge field. The theory is on- 
shell, so clearly, the constraints used for the identification of the multiplet together with 
the superspace Bianchi identities imply equations of motion for the component fields. We 
deduce these equations of motion in terms of supercovariant quantities and then, we give 
them in terms of component fields. These equations of motion, deduced from the geometry, 
without supposing the existence of a Lagrangian, are found to be the same as those derived 
from the Lagrangian given in the component formulation of this = 4 supergravity 
multiplet by Nicolai and Townsend. 
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1. Introduction 

The N = 4 supergravity theory containing an antisymmetric tensor was given by Nico- 
lai and Townsend [1] already in the early eighties. The superspace formulation of the 
corresponding multiplet, which we call the N-T multiplet in the following, encountered a 
number of problems identified in [2] and overcome in [3] introducing external Chern-Simons 
forms for the graviphotons. Recently, a concise geometric formulation was given for this 
supergravity theory in central charge superspace [4]. 

The geometric approach adopted and described in detail in [4] was based on the su- 
perspace soldering mechanism involving gravity and 2-form geometries in central charge 
superspace [5]. This soldering procedure allowed to identify various gauge component fields 
of the one and the same multiplet in two distinct geometric structures: graviton, gravi- 
tini and graviphotons in the gravity sector and the antisymmetric tensor in the 2-form 
sector. Supersymmetry and central charge transformations of the component fields were 
deduced using the fact that in the geometric approach these transformations are identi- 
fied on the same footing with general space-time coordinate transformations as superspace 
diffeomorphisms on the central charge superspace. Moreover, the presence of graviphoton 
Chern-Simons forms in the theory was interpreted as an intrinsic property of central charge 
superspace and a consequence of the superspace soldering mechanism. 

The aim of the present paper is to emphasize that the geometric description in [4] is on- 
shell, that is the constraints used to identify the component fields of the N-T supergravity 
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multiplct imply also the equations of motion for these fields. Therefore, we begin with 
recalling the essential points in the identification of component fields [4] specifying the 
constraints we use. Then, in section 3, we derive the equations of motion directly from 
constraints and Bianchi identities, without any knowledge about a Lagrangian. Finally, 
we compare these equations of motion with those found from the component Lagrangian 
given in the original article by Nicolai and Townsend [1] . 

2. Constraints and identification of component fields 

In this section we recall the essential results of [4] concerning the identification of the com- 
ponents of the N-T multiplet. Conventions, notations and general ideas about geometrical 
description of supergravity theories, central charge superspace and soldering mechanism 
are detailed in [4] and in references mentioned there. 

Recall that in geometrical formulation of supergravity theories the basic dynamic vari- 
ables are chosen to be the vielbein and the connection. Considering central charge super- 
space this framework provides a unified geometric identification of graviton, gravitini and 
graviphotons in the frame E"^ = (E"" , E"^ , E^ , E^) , where a, a, a denote the usual vector 
and Weyl spinor indices, while capital indices a count the number of supercharges and 
boldface indices u = 1..6 the number of central charges: 

= da;"^e„", E2\\ = ^dx^^i^ml , E^\\ = ^dx^^m% , E^\\ = dx^Vm"" , 

(2.1) 

while the antisymmetric tensor can be identified in a superspace 2-form B: 

B\\ = ^dx^'dx^bnm. (2.2) 

The remaining component fields, a real scalar and 4 helicity 1/2 fields, are identified in the 

supersymmetry transforms of the vielbein and 2-form, that is in torsion (T-^ = DE^) and 
3-form {H = dB) components. The Bianchi identities satisfied by these objects are 

DT^ = E^Rb'^, dH = 0, (2.3) 

or displaying the 3-form and 4-form coefficients 

{vcb'^)t ■■ E^E^E'^ {VvTcb^ + T-uc^T:pb^-Rvcb^) =0, (2.4) 
{vcba)h ■■ E^E^E^E^ {2VvHcba + ^T-uc^H:pba)=^- (2.5) 

By putting constraints on torsion and 3-form we have to solve two problems at the same 
time: first, we have to reduce the huge number of superfluous independent fields contained 
in these geometrical objects, and second, we have to make sure that the antisymmetric 
tensor takes part of the same multiplet as e^", V'mA) V'm^) "i^m" (soldering mechanism). 
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Indeed, the biggest problem in finding a geometrical description of an off-shell super- 
symmetric theory is to find suitable covariant constraints which do reduce this number but 
do not imply equations of motion for the remaining fields. There are several approaches to 
this question. One of them is based on conventional constraints, which resume to suitable 
redefinitions of the vielbein and connection and which do not imply equations of motion 
[6]. However, such redefinitions leave intact torsion components with canonical dimen- 
sion and there is no general recipes to indicate how these torsion components have to be 
constrained. A simplest manner of constraining dimensional torsion components together 
with conventional constraints give rise to the so-called natural constraints, which were an- 
alyzed in a systematic way both in ordinary extended superspace [7] and in central charge 
superspace [8]. Another approach is that of the geometrical constraints or integrability con- 
ditions [9], [10], which in addition to constraints on the torsion involves also constraints on 
the curvature, and which possess many of the integrability properties as found in the self- 
dual Yang-Mills system. There is no equivalence established between the two approaches, 
nevertheless, both imply the same second order conformal type equations of motion for 
N>4[n], [9]. 

The geometrical description of the N-T multiplct is based on a set of natural constraints 
in central charge superspace with structure group SL(2, C) (8) U{4). The generalizations of 
the canonical dimension "trivial constraints" [7] to central charge superspace are 

T^^'^ = , T^t = -2z5^(a'^e)/ , nt = , (2.6) 

l^fj — e^pl^ J , — U, icB — e [cb] • l^-'j 

As explained in detail in the article [4], the soldering is achieved by requiring some 
analogous, "mirror" -constraints for the 2-form sector. Besides the -1/2 dimensional con- 
straints i/^BA ^ ^cBd ^ ^c^a ^ HZii = 0, we impose 

H?^}a = , H^^L = -2i5^(c7„e)/L , Hit = , (2.8) 

^^tu = ^fSaHj-^^^ , H^^\X = , -f^B AU = e^"-f^u[BA] , (2-9) 

with L a real superfield. The physical scalar of the multiplet, called also graviscalar, 

is identified in this superfield, parameterized as L = e^'^. In turn, the hclicity 1/2 fields, 
called also gravigini fields, are identified as usual [12], [11], [2] in the 1/2-dimensional 
torsion component 

/37J.CBA _ 2T'[CBA] . j-jpa _ r^rp a (9 AO) 

The scalar, the four helicity 1/2 fields, together with the gauge-fields defined in (2.1) 
and (2.2) constitute the N-T on-shell N=4 supergravity multiplet. However, the dimen- 
sional natural constraints listed above are not sufficient to insure that these are the only 
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fields transforming into eacli-other by supergravity transformations. Tlic elimination of a 
big number of superfluous fields is achieved by assuming the constraints 

^?°"r[cBA]a = 0, I?odr[°«^]° = 0, (2.11) 

and 

TzB-^ = 0, (2.12) 

as well as all possible compatible conventional constraints^ [7], [8]. 

It is worthwhile to note that even at this stage the assumptions are not sufficient 
to constrain the geometry to the N-T multiplet. This setup allows to give a geometrical 
description at least of the coupling of A'^ = 4 supergravity with antisymmetric tensor to six 
copies of A'^ = 4 Yang-Mills [13]. Nevertheless, they are strong enough to put the underlying 
multiplet on-shcll. In order to sec this, one can easily verify that the dimension 1 Bianchi 
identities (^tc^A^^ ^^'^ (ocBd) torsion as well as their complex conjugates imply 

(2.13) 

T)^T, 1 — P 1 ■r)DrplCBA]a _ p (i[DCBA] 

^D-'lCBAla — -'a [dcba] ) '-^S-'- — -^^5 ' ) 

with G and P a priori some arbitrary superfields. Let us write one of the last relations as 

i;2?Jr[cBA]a = 0, (2.14) 

DC 

take its spinorial derivative 

^({p|=,P^}r[ceA]a-25^ (^^.%BA]a)) = 0, (2.15) 

DC 

and observe that the antisymmetric part of this relation in the indices e and a gives rise 
to Dirac equation for the helicity 1/2 fields, that is d°'^T]^c'BA]a = in the linear approach. 

It turns out, that there is a simple solution of both the Bianchi identities of the 
torsion and 3-form, which satisfies the above mentioned constraints and reproduce the N- 
T multiplet. The non-zero torsion and 3-form components for this solution are listed in the 
appendix, we will concentrate here on its properties which are essential for the identification 
of the multiplet and the derivation of the equations of motion for the component fields. 

Recall that the particularity of this solution is based on the identification of the scalar 
superfield ^ in the dimensional torsion and 3-form components containing a central 
charge index 

2.[BA]u ^ 4e*t[^A]u^ ^^^^u ^ 4e'^t[BA]", (2.16) 

iJuI^^l = 4e'^^u[^^l , ^u[BA] = 4e'^()„[BA] , (2.17) 
'^see equations (A.l) in the appendix 
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with t'*^"^!", tfcB]") f)u''^^^ ')u[ba] constant matrix elements satisfying the self-duahty rela- 
tions 

rfoclu _ 1 -DCBA. U h [bA] _ If, ^DCBA ,„;+V, ^ U1 ('O 1 Q^ 

' = -£ t[BA] , W ' = 2''u[dc]^ With q = ±l. (.^-loj 

Note, that these relations look similar to some of the properties of the 6 real, antisym- 
metric 4x4 matrices a", (n = 1, 2, 3) of SU{2) (g) SU{2) [14], [15], which appear in the 
component formulation oi N = 4 supergravity theories. Indeed, if we define the matrices 

t = ( ^^^^^u j ' f) = ( f)u[ocl 1)"'°°' ) (2.19) 

(n 9 DCBA \ / 1 CDC n \ 

then the properties of the matrix elements tl'^^l", t[cB]") flu'^^'j bu[BA] can be written in a 
compact way as follows: 

St = t, f)S = f), (2.21) 

tf) = 1 + (fit)u" = 26^. (2.22) 

These matrices serve as converters between the central charge basis (indices u) and 
the 5'C/(4) basis in the antisymmetric representation (indices [dc]). In particular, for the 6 
vector gauge fields of the N-T multiplet there is an alternative basis, called the SU{4) 
basis, defined by 

( Vm[uc] Vj^"^ ) = Vm''^ f)u[DC] f)u[°^] ) , (2.23) 
where the two components are connected by the self-duality relations^ 

^^[DC] ^ |^DCBA^^^^^j_ (2.24) 

Moreover, if we look at self-duality properties (2.18) as the lifting and lowering of 
SU{4:) indices with metric |£dcba5 then a corresponding metric in the central charge basis 
can be defined by 

n — -p h [s^l n"^" — -p +[dc]v.[ba]u ("9 9^^"! 

0VU — 2 DCBA Uv f)u ) — 2 DCIBAl I ) {^.^O) 

satisfying 

0uw0"^" = SI . (2.26) 

These are the objects which are found to connect torsion and 3-form components containing 
at least one central charge index 

HvCu = T-pc^Qzu, T-jyc^ = HdCxQ^^ , (2.27) 

^Note the similarity between these self-duality relations and the reality conditions employed in the 
description of the N = 4 Yang-Mills theory [16] 
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insuring the soldering of the two geometries. 

The four helicity 1/2 fields T^cBA]a: tI"^^*]" turn out to be equivalent to the fermionic 
partner of the graviscalar cf) 

=2Vtct>, =2Vi<l>, (2.28) 

since the following duality relation holds in this N = 4 case: 

r[cBA]a = QScbaAI Tt'^^^l" = g£°«^^A?. (2.29) 

It is the soldering mechanism between the geometry of supergravity and the geometry 
of the 2-form, that determines how the superfields G and P in the spinorial derivatives 
of this helicity 1/2 fields (2.13) are related to the component fields of the multiplet. In 
particular, we find that the superfields G are related to the covariant field strength of the 
graviphotons F^a" 

%a)[BA] = -2ie-*F(^„)-l)u[BA] , = -2ie-<^F(/^")-l)u[«^] , (2.30) 

whereas the superfields P contain the dual field strength of the antisymmetric tensor and 
the derivative of the scalar: 

pDj,[cBA]d ^ qs^cBAp^a ^ ^.^^ ^ 2iVa(l>+e-^^H: - ^X^K , (2.31) 

KT[cBA]S = qeucBAps'^ , with P„ = 2iP„(/. - e-^'^H*^ + ^A^ct^Aa , (2.32) 
where we can note that the relations 

Pa + Pa = 4zP„0, Pa -Pa = 2e-^^ H*^ - ^XWXa (2.33) 

allow to separate the dual field strength of the antisymmetric tensor and the derivative of 

the scalar (as "real" and "imaginary" part of P). 

Finally, let us precise that the representation of the structure group in the central 
charge sector is trivial, = 0, while the J/(4) part <&^a of the 5L(2, C)(8'[/(4) connection 

^^A = <5l$/3" + <5^$\ = S^^^c.-Si^\ (2.34) 

is determined to be 

$\ = a\ + x\, (2.35) 
with a°A pure gauge and x^a a super covariant 1-form on the superspace with components 

Xc\ = \SI {ie-^t>Hl - ^AVeAp) - ^(AVcAa) , 

X^A = ^-^aA^, = Xu\ = 0. (2.36) 



-6- 



This situation is analogous to the case of the 16+16 = 1 supergravity multiplct which 
is obtained from the reducible 20+20 multiplet, described on superspace with structure 
group SL{2,C) ® U{4:), by "breaking" the U{1) symmetry [17]. By eliminating this f7(l) 
part from the SL{2, C) (g) U{4) connection and putting the pure gauge part a to zero, one 
can define covariant derivatives for SL{2, C) 

Du-^ = Du-^-XB-^u^ DuA = Du-^ + XA^UB (2.37) 

used in the articles [4] and [1]. Here of course XB'^ is defined in such a way that its only 
non-zero components are x^a — ^pX^A and Xb^ ~ ~<^fx^B- Recall that this redefinition 
of the connection affects torsion and curvature components in the following way: 

fcB^ = TcB^ - XCB^ + {-r'xBC^, (2.38) 
^i?c\ = 0. (2.39) 

In the next section we derive the equations of motion for all the component fields of 
the N-T multiplet using its geometrical description presented above. 

3. Equations of motion in terms of supercovariant quantities 

The problem of the derivation of field equations of motion without the knowledge of a 
Lagrangian, using considerations on representations of the symmetry group, was consid- 
ered for a long time [18], [19]. The question is particularly interesting for supersymmetric 
theories and there are various approaches which have been developed. Let us mention for 
example the procedure based on projection operators selecting irreducible representations 
out of superfield with arbitrary external spin [20]. About the same period Wess and Zu- 
mino suggested the use of differential geometry in superspace to reach better understanding 
of supersymmetric Yang-Mills and supergravity theories. The techniques used in this ap- 
proach allowed to work out a new method for deriving equations of motion, namely looking 
to consequences of covariant constraints, which correspond to on-shell field content of a 
representation of the supersymmetry algebra. 

In order to illustrate the method let us recall as briefly as possible the simplest example, 
the = 1 Yang-Mills theory described on superspace considering the geometry of a Lie 
algebra valued 1-form A [16], [21]. Under a gauge transformation, parameterized by g, the 
gauge potential transforms as ^ i-> g^^Ag — g^^dg and its field strength = dA + AA 
satisfies the Bianchi identity DJ^ = 0. In order to describe the off-shell multiplet one 
constrains the geometry by putting J^afS = = ^"'^ = 0. Then the Bianchi identities 
are satisfied if and only if all the components of the field strength can be expressed in 
terms of two spinor superfields Wq, VV" and their spinor derivatives: 

^/3a = ii(^aW)p , J^^a = 'K^aWf , (3.1) 
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^(/3a) = -l^P^a) , ^(^"^ = ^Vi^W'^^ , (3.2) 

and the gaugino superfields Wa, satisfy 

p^VV" = 0, V^Wa = 0, (3.3) 

V'Wa = (3.4) 



The components of the multiplet are thus identified as fohows: the vector gauge field in 
the super 1-form ^|| = idx'^ajn, the gaugino component field as lowest component of the 
gaugino superfield >Vq| = —iXa, VV"| = ^A", and the auxiliary field in their derivatives 

Note that the supplementary constraint 

V^Wa = V^W^ = (3.5) 

puts this multiplet on-shell. It is a superfield equation and contains all the component field 
equations of motion. First of all it eliminates the auxiliary field D and we can derive the 
equations of motion for the remaining fields by successively diflFerentiating it. We obtain 
the Dirac equation for the gaugino 

(V^Wa) = -2iP""Wa = , (3.6) 

Va{VaW'^) = -2zP„<iW" = 0, (3.7) 

and from this we derive the relations 

Vf3 (r"«W„) = -2P°".F(fl„) + 2i{W3, W°} = , (3.8) 

(^^adW'^) = 2P„c«^^'^"^ - 2i{VV^,Wa} = 0, (3.9) 
which correspond to the well-known Bianchi identities V^^J^^/^°'^ — 'D^°'J^^p^^ = and 
equations of motion V^^J^^^"'^ + V^'^Ti^pa) = 2z{Wa, VV^} for the vector gauge field. 

The case of supcrgravity is similar to this, the gravigino superfields Tj^g^iQ, 
(or A^, A" in (2.29)) play an analogous role to the gaugino superfields Wa, VV". In order 
to derive the free equations of motion of component fields in a supergravity theory it is 
sufficient to consider only the linearized version [22], [23], [11] and the calculations are 
simple. Considering the full theory one obtains all the nonlinear terms which arise in 
equations of motion derived from a Lagrangian in component formalism. 

Recall that the dimension 1 Bianchi identities in the supergravity sector imply the 
relations (2.13) for the spinor derivatives of the gravigino superfields. These properties can 
be written equivalently as 

^5°"r[cBA]a = 0, PndTlCBAla = 0, (3.10) 
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and they are the = 4 analogues of the relations (3.3) and (3.5) satisfied by the gaugino 
superfield corresponding to the on-shell Yang-Mills multiplet. 

Therefore, by analogy to the Yang-Mills case, the equations of motion for the gravig- 
ini, the graviphoton, the scalar and the antisymmetric tensor can be deduced from the 
superfield relations (2.13) by taking successive covariant spinorial derivatives. 

Consider all possible spinorial derivatives of relations (2.13). They arc satisfied if and 
only if in addition to the dimension 1 results the following relations take place: 



p7G!(/jd)[BA] ^ ^^BA 



(3.11) 
(3.12) 



and 



(3.14) 



V'G, 



c'^{0a)[BA] 



1^{(3^Ta)[cBA] - U^acT(3)[FBA] 



(aB-t/3)[PAc] -f- f^(ai^/3)[FCB 



p^^j.[CBA]d ^ ^C/Fdj.[CBA] 



pa/3 J. 



"^TjFlSrpa 
'2^aF-'[CBA] 



(3.15) 
(3.16) 



withC/«2 = |(A^A2-i<^«A^A°). 



Equations of motion for the helicity 1/2 fields. 

Note first, that all these relations are implied also by Bianchi identities at dim 3/2. 
Secondly, note that the last equations, (3.15) and (3.16), are the Dirac equations for the 
spin 1/2 fields, which may be written in terms of the fields A in the following way: 



9i 



'^l3aK = ie '^'^H^aK + t-(-^aAf)A^ , 



P"^A^ = -ie-^'t'H*'^^\^ + ^(A^AOAf . 



(3.17) 
(3.18) 



a. Consider the spinorial derivative of the Dirac equation (3.15). The derived identity is 
satisfied if and only if in addition to the results obtained till dimension 3/2 the following 
relations take place: 



V ■ P° 



^ I e -''^K^ + -XIX^A P-^ + |£ocbaG(/^°)[°-]G(^.)[«-] = (3.19) 



0a 



0. 



(3.20) 
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b. Consider the spinorial derivative of (3.16). The identity is satisfied if and only if in 
addition to the results obtained till dimension 3/2 the following relations take place: 



.DCBA 



(/3a) [DC 



/3a 



^(/3a) 



0. 



(3.21) 
(3.22) 



Equations of motion for the scalar. 

Using properties (2.33) the equations of motion for the scalar can be deduced from the 
sum of the relations (3.19) and (3.21): 



2Va {Vcj)) = e'^'f'HlH*'' - e-2'^i7*(A^(7"AA) 
3._,.... . . 1 

2 



-(A«A^)(AbAa) - -e-^-^FbalBAjP'"'"^' • (3.23) 



This equation already shows that in the Lagrangian corresponding to these equations of 
motion the kinetic terms of the antisymmetric tensor and of the graviphotons are accom- 
panied by exponentials in the scalar field. 

By the way, the difference of relations (3.19) and (3.21) looks as 

VaH*- = le2*(AV„AA)P> + ^F*'"^[«^]FHBA], (3-24) 

and it corresponds of course to the Bianchi identity satisfied by the antisymmetric tensor 
gauge field. The topological term -P*'"''^^^i*6a[BA] is an indication of the intrinsic presence of 
Chern-Simons forms in the geometry. This feature is analogous to the case of the off-shell 
N = 2 minimal supergravity multiplet containing an antisymmetric tensor [5]. It arises 
naturally in extended supergravity using the soldering mechanism with the geometry of a 
2-form in central charge supcrspace. 

Equations of motion for the antisymmetric tensor. 

Note that relations (3.20) and (3.22) are the sclfdual and respectively the anti-selfdual 
part of the equation of motion for the antisymmetric tensor. Putting these relations to- 
gether, we obtain the equation of motion for the antisymmetric tensor: 



+£dcba 



^P^(A^a"Ap) - (pV)(AV"Ap) + 4e-2'^(PV)^* 



e^-^ (3.25) 



Consider the spinorial derivative of the Dirac equation (3.15) and the spinorial 
derivative Vf of (3.16). The identities obtained this way are satisfied if and only if in 
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addition to the results obtained till dimension 3/2 the following relations hold: 



(i5a)[BA] 



+G'(l5a)[BF]''^^"^A + G^((5a)[FA]'^^"^B 



(3.26) 



(3.27) 



Equations of motion for the graviphotons. 

Recall that the geometric soldering mechanism between supergravity and the geometry 
of the 3- form implies that the fields G(^i^a)[^A\ ^iid C^^")!^^] are related to the covariant field 
strength of the graviphotons, F^, by (2.30). Then the previous lemma determines both 
the equations of motion and the Bianchi identities satisfied by the vector gauge fields of 
the multiplet: 



bau 



(Pb + Pb)F'"'^ + {Pb - Pb)F- 



+ 4 



X) p*bau 



i 
4 

i 

~4 



n(AV^"A^)t[BA]" + aiab^''" v)t["^i 

(A'V'^V"AB)Frf/t)v[^"U[PA]" + (Va'^^a"A«)Frf/f)v[BF]t["^l"J , (3.28) 
Pb(AV^"A^)t[BA]" - n(ABa''«AA)t[''^]"] et' 

(A^a<^V«AB)Fdc"f)v[^^l V]" - (AAa'^^a»A«)Fde"^v[BF]t[^^^"l • (3-29) 



Further differentiating (3.26) and (3.27) one can obtain Bianchi identities for the grav- 
itini and graviton, but here we would like to derive their equations of motion instead. 



Equations of motion for the gravitini. 

Unlike the equations of motion presented above, the equations of motion for the grav- 
itini and the graviton are directly given by the superspacc Bianchi identities, once the 
component fields are identified. For example, the Bianchi identities at dim 3/2 determi- 
nate the torsion components 

%a)A = ^PpaK T^''\^ = ^^/j(^A2^ + f^DCBAG(^^)[°«lA^, (3.30) 

T0a)A ^ lpa/3^A ^ ip(/A°) + ^6--G(,,)[cB]Af , (3.31) 
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and these components are sufficient to give the equations of motion for the gravitini: 

e'"'"'{acnaAf = ^(AAa<^c7^e)«Pe + |(a''V''A^)^F6„[^p]e-^ (3.32) 



e'''''%acT,a^)a = -^(AWe)«Pc-^(^T''V'^Ap),FftJ^^]e-'^ 



(3.33) 



Equations of motion for the graviton. 

In order to give the equations of motion for the graviton we need the expression of 
the supercovariant Ricci tensor, R^b = RdcbaV'^"'^ which is given by the superspace Bianchi 
identities at canonical dimension 2 (A. 5). The corresponding Ricci scalar, R = R^hr]'^, is 
then 

R = -2V-<i>Vact> - \H*-H\e-^t' + le-^'t' H*\\^aaK) + ^(A«A^)(AbAa). (3.34) 
The knowledge of these ingredients allows us to write down the Einstein equation 



Rdb - ^VdbR 



Vd(j)Vb(P-^Vdb'D''<pVa 



^d -"6 - 7;VdbJ^ -n a 



— e 



^dflBA]-'^b .'Idb-'^eflBA]-'^ 



db 



1 



-(A^dAp) (A^afeAA) + %6(A^A^)(AbAa) 



1 



--e-2<^ [H*^{X^aiX^) - 3%,i7*"(AVaA, 



(3.35) 



where one may recognize on the right-hand-side the usual terms of the energy-momentum 
tensor corresponding to matter fields: scalar fields, antisymmetric tensor, photon fields and 
spinor fields respectively. As it will be shown by (4.12), the contribution of the gravitini is 
hidden in RfH,. 



4. Equations of motion in terms of component fields 

In the previous section we calculated the equations of motion for all component fields of the 
N-T multiplet (graviton (3.35), gravitini (3.32), (3.33), graviphotons (3.28), 1/2-spin fields 
(3.17), (3.18), scalar (3.23) and the antisymmetric tensor (3.25)) in terms of supercovariant 
objects, which have only fiat (Lorentz) indices. In order to write these equations of motion 
in terms of component fields, one passes to curved (Einstein) indices by the standard way 
[24]. General formulas are easily written using the notation E-^\\ = = dx'^em'^ [21]. 
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4.1 Supercovariant— ^component toolkit 

Recall that the graviton, gravitini and graviphotons are identified in the super-vielbein. 
Thus, their field strength can be found in their covariant counterparts using 



For A = a one finds the relation 



(4.1) 



(4.2) 



which determinates the Lorentz connection in terms of the vierbein, its derivatives and 
gravitini fields. For A and A we have the expression of the covariant field strength 
of the gravitini 



rp a I _ m„ n-T-) „/, a _ m„ n 'J . D,/, C\aB "„ nf„i, B- ^da\a rp \„ 

J-cbA] — Gc L>[nVm]A~^b -euCBAlpn Wm A " ■;re[c {Wn (^b](^ ) ^da[BA]\e 



(4.3) 



T-i A I „ m„ riT) „l, A „ m„ -DCBa„i, „l \ „ 'n-f^l, ^ ?^<la\ jp IbaI , „ 

J-cba\ =66 Sc l^[nVm]a~^b j£ WnoVmC^aB - -^[c [VnsC^b]'^ Ja^da ' \e 



-j{lpn''(^flb)ae^]' 



(4.4) 



As for ^ = u, the central charge indices, we obtain the covariant field strength of the 
graviphotons 



+eb"ea"* [V-ncV-mB + z^[„c<^m]AB] e-^tl^^l" , 



(4.5) 



with Tnm^ the field strength of the graviphotons J-'nm^ = dnVm^ — drnV-n^- In the SU{A) 
basis this becomes 



Fba^ 



n m IBAj , n r 
^b '^a •> nm ~ ^b 



i>r}''i>m^^+ii>[n^''^m]X' 



(4.6) 



with the field strength J^n^I^^] = .F„™"{)u[^^] = 5„F„J^^1 - a^Kj^^l. 

Since the antisymmetric tensor is identified in the 2-form, the development of its 
covariant field strength on component fields is deduced using 



H\\ = ^dx^^dx^'dx^'dkhnm = l^e^^e'^HcBA 



(4.7) 
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and one finds 



TT*a I ^ a/^l I a 

H \ = ei y +iei 



with 



-£ 



Iknm 



nm '^k 0uv^ am ] 



Iknm 



dkh 



V,, 1 F [''^l 

R A nm 



k^nm *'A;[ba]*' nm 



(4.8) 



(4.9) 



Note, that the dual field strength, ^e''^"'™'dkbnm, of the antisymmetric tensor appears in 
company with the Chern-Simons term ^e'''"™ffc"guv-^nrra^- We use the notation Q'' in order 
to accentuate this feature. Recall also, that one of the fundamental aims of the article [4] 
was to explain in detail that this phenomenon is quite general and arises as an intrinsic 
property of soldering in supcrspacc with central charge coordinates. 

The lowest component of the derivative of the scalar can be calculated using = 
dx"^'Vm(p = e-^Vj,(p\, and it is 



(4.10) 



while the lowest component of the double derivative 'Da'D'^4>\, needed for the expansion of 
the equation of motion for the scalar (3.23), becomes 



mF -24) 



Q,- _ _ _ S 

-^(A^a-Ac) (VnpA^ - ^A„^Ap) - -(^^pA^)(z/;„^Aa) 
-l(V'„pA^)(CA") + li^P'^Xnii^m^'Xc) - \ii^m'K){i^""'Xc) 



+^ba[FG] 



„/, F^ba„i,mC I ^ „/, F;=.n_fea\C 
Wm <y W + -IWn CF CF X 



-ipmFcr ipc + -^VufCt a Ac 



(4.11) 



In order to compare our results with the component expression of the scalar's equation of 
motion derived from [1], we have to replace in this expression ea'"X>^e"" with 



a consequence of (4.2). 

Finally, using = ^dx^dx^Tinmb"" = \e^epRcBh"'\, one obtains for the lowest 

component of the covariant Ricci tensor the expression 
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db ^ 

-^e-^F^-^I^p] I (itr(a6„.ae/)V;"^°adA^ + ^e/V^^ae/afcA^ 



- ^^d'^iSl^l - -5161) [(V'[^BCT(."A«)(V^n]"AB) - (V[^nA^)(V5n]"^6"AB)] |>(4.12) 



4.2 The equations of motion 

In the last subsection we deduced the expression of all quantities appearing in the super- 
covariant equations of motion in terms of component fields. Wc arc therefore ready now to 
replace these expressions in (3.35), (3.32), (3.33), (3.28), (3.17), (3.18), (3.23), (3.25) and 
give the equations of motion in terms of component fields. 
It turns out that the expressions 



Qi + -/^ 



and 



f — e e i<ba + 



-c^'^XWXa (4.13) 



-2' 



r"'^ - tr(c7"V 



nkml 



nk ^ml\ 



3% 



tr(a"'=CT"'') i^motpic - ihucBAX^'amil'i^ 



(4.14) 



appear systematically, and using them, the equations take a quite simple form. Let us also 
denote the quantity F^k^ = er/'ek"'Fi,a^ | , which is called the supercovariant field strength 
of the graviphotons in the component approach [25] , [1] . 
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Equations of motion for the helicity 1/2 fields. 



i 3 - ' 

-(cr"a„iVnA)/3 - ^(o-mAA)/3 



3i 



- e-t'Fki^,^^{a^a^'i^m^)p - -{KK)Xl (4.15) 



Equations of motion for the gravitini. 



i-^f ^Ik ^mn\„i. Fa , ^ zi.lk-mn\( „ \F\d 



(4.16) 



Equations of motion for the scalar. 



1, 



(4.17) 



Equations of motion for the antisymmetric tensor. 



(4.18) 



Equations of motion for the graviphotons. 



(4.19) 



Equations of motion for the graviton. 

The Einstein equation in terms of component fields is also deduced in a straightforward 
manner from (3.35) and (4.12) with the usual Ricci tensor TZmn = ^Ylmn^n^^^'^'^rnkba- 
Here we give the expression of the Ricci scalar: 

7^ = ie'^^-V^ACTfePn^m^ - l£"'''"'i^l^^kAi'mA 
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-Y^£"(V'iF^mV^nO(AVfeAA) - -e'"'''Hil^wami^n^){X^ak\A) (4.20) 
5. Conclusion 

The aim of this article was to deduce the equations of motion for the components of the 
N-T multiplet from its geometrical description in central charge superspace, and compare 
these equations with those, deduced from the Lagrangian of the component formulation of 
the theory with the same field content [1] . 

We showed that the constraints on the superspace which allow to identify the com- 
ponents in the geometry imply equations of motion in terms of supercovariant quantities. 
Moreover, we succeeded in writing these equations of motion in terms of component fields 
in an elegant way, using the objects Hrn a-^d Fmn^- The equations found this way are in 
perfect concordance with the ones deduced from the Lagrangian of Nicolai and Townsend 
[1] . This result resolves all remaining doubt about the equivalence of the geometric descrip- 
tion on central charge superspace of the N-T multiplet and the Lagrangian formulation of 
the theory with the same field content. 

As a completion of this work one may ask oneself about an interpretation of the 
objects Hm and Fmn^, which seem to be some natural building blocks of the Lagrangian. 
Concerning this question let us just remark the simplicity of the relation 

-iXm^A = e-2^^„ + ^AV^Aa (5.1) 

between H^n and the U(l) part of the initial connection (2.36) of the central charge super- 
space with structure group SL{2, C) (g) ^7(4). 
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A. Solution of the Bianchi Identities 



The conventional constraints compatible with the assumptions (2.6 - 2.7) and (2.12) are 
the following: 

T^h" = T^b" = 

T'CBa n rrCI^K fl 

-'t/^A — "J -'CBd — 

rpciiK _ n Tn7Bd _ n (A.l) 

-'780 — ^ C^A — "J ^ ^ 

Ba n T" aA r\ 



tc6 



0. 



There is a particular solution of the Bianchi identities for the torsion and 3-form 

subject to the constraints (2.6 - 2.9), (2.11 - 2.12) and (A.l), which describes the N-T 
supergravity multiplet. Besides the constant Tq^^^ and the supercovariant field strength 
of the graviphotons, Tg^" = -Feb", the non-zero torsion components corresponding to this 
solution axe then the following: 





-^CB 




-'7 /3d — 9e-^/3£ Apa 


rrnPa 
-'CBA 


= ^e^^ecBApA''" 








T^bl = -2(f7fea)7"C^"°A 


-'-Cba 




T^,% = |(c76a'^-)^<iF,eMe-'^ 


rr/i a 
^CbA 


= |(a6a'^-)^-Frfe[cA]e-^ 




rp Ad 

J^cb 


= -{ea,,).^J:^'r0a)A 




1 

4 


tr(ae6a„/)F«/MA^ 


-T2 - ^cb^'f) Pa{<rf~XA)a 


1 

1; 


-2 + l^cb"^) Pa{afX-r 



(A.2) 



with Ua^A = -KA^ctqAa - ^(^AA'^CTaAF), P and P are given in equations (2.31) and (2.32), 
while and E*^^^")* are the gravitino "Weyl" tensors. 

Furthermore, the Lorentz curvature has components 

Rs^ba = 2e5^tr(f7d,aba)F''^[°^le-'^ RUba = 2e^M^dcaba)F'''i^c]e-'l' 

Pijba = -4edc6a^7'^°c(^T"e)/ Rcuba = 

R^cba = -2i(ae)5d(e^6a)^/3S(^'3d)D ^5^^^ ^ -2i(ae)"'^(ra,„)^'^S(^^,)„ (A.3) 
-itr((76„(7e/)((7eAA)5F^^[°^le-<^ - ftr (afta^e/) (aeA^)^F'=^ [DAie"-^ 

+ i(<Tc^efT6„A'')5P^ +i(ac(Te^6aAD)'^P" 
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and 

+ ^ imbRca - VdaRcb + VcaRdb - IJcbRda) - ^{mbVca - maVcb)R (A.4) 

with the super covariant Ricci tensor, RfH, = RdcbaV'^j given by 
db 

-^(A^dAp) (AV^Aa) - ^%6(A^A^)(AaAp) (A.5) 

and the corresponding Ricci scalar, R = Rdbf]'^^, which is then 

R = -2P>P„0 - ^H*-H\e-^t' + ^e-^1'H*-{\^aa\A) + ^(A''A^)(AbAa). (A.6) 

The tensors Vj-^^^^) and V^^^f^"'^ are components of the usual Weyl tensor. Like the gravitino 
Weyl tensors, and E*^^'^")^, their lowest components do not participate in the 

equations of motion. 

As for the 2-form sector, besides the supercovariant field strength of the antisymmetric 
tensor, -ffc&a; the non-zero components of the 3-form H, which do not have central charge 
indices, are 

//j^a = -2z<5^K€);3V'^ H^ba = ^CTbaX^e^"^ HZ,a = ^{a,a\oV e^'^ . (A.7) 

The components with at least one central charge index, are related to the torsion compo- 
nents by 

Hvcu = Tvc^Qzu, (A. 8) 

with the metric Q^u defined in (2.25). 
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